and there has been an increasing interest in studying the DOA estimation problem for known waveform sources [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . They can be classified into two classes: the first one can only handle uncorrelated sources, such as decouple maximum likelihood (DEML) [11] , subarray beamforming (SB) [12] , and linear regression (LR) [15] , while the other one can handle coherent sources in the presence of multipath, such as coherent decoupled maximum likelihood (CDEML) [17] , white coherent decoupled maximum likelihood (WCDEML) [18] , parallel decomposition (PADEC) [19] , and linear propagator (LP) [20] .
In this work, the DOA estimation problem with known signal waveforms is further studied and the case with fast moving platforms is considered. When the array system is placed on such a platform, the Doppler effect cannot be neglected, which results in Doppler shifts from the known waveforms. If we apply the above mentioned methods directly, the estimation result may have a large bias and even some error.
Moreover, although the estimation problem for Doppler shifts and DOA angles can also be solved in the context of joint angle and frequency estimation [21] [22] [23] [24] , to our best knowledge, there has not been any method available which can exploit the known waveform information in the solution.
To solve the problem, we first construct a new DOA estimation model incorporating the Doppler effect. Then, to avoid multidimensional spectrum peak search or nonlinear optimization, we transform the new model into an approximate linear model in digital frequency domain via discrete-time Fourier transform (DTFT) and finite order Taylor series expansion. To handle the large number of components of different order derivatives, an oblique projector is employed with the aid of known waveforms. Finally, the DOAs, complex amplitudes and Doppler shifts are obtained via the inherent relationship of these derivatives simultaneously. Simulation results show that the proposed method can achieve a much more robust estimation performance than the DEML method [11] in the presence of unknown Doppler shifts.
This remaining part of the paper is organised as follows. In Section 2, the studied signal model is introduced, while the proposed estimation method is derived in Section 3. Simulation results are provided in Section 4 and conclusions are drawn in Section 5.
Notations: matrices and vectors are denoted by boldfaced capital letters and lower-case letters, respectively. (·) * , (·) T (·) H , (·) −1 , and (·) † stand for conjugate, transpose, conjugate transpose, inverse, and Moore-Penrose inverse, respectively. E{·}, •, diag{·}, Re{·}, and Im{·} denote the statistical expectation, Hadamard product, diagonalization, real part and imaginary part of a complex number, respectively.
II. SIGNAL MODEL
As shown in Fig. 1 , an M-element uniform linear array (ULA) with inter-sensor spacing d is placed on a high speed moving platform. Q narrowband far-field uncorrelated sources with known waveforms {s q (n)} 
where
, γ q denotes the complex amplitude of the received qth known waveform signal, f Dq denotes the Doppler shift of the qth signal resulting from the relative movement of the source to the ULA, 1 and w m (n) represents the noise. The received signal vector of the ULA at the nth snapshot x(n) can be represented by Similar to [11] , it is assumed that the additive noises are temporally and spatially white with zero-mean and variance σ 2 w , and are uncorrelated with the incident signals.
III. PROPOSED METHOD

A. Proposed Method
Since the unknown Doppler shifts are nonlinearly mixed with the known waveforms, the existing methods, such as DEML [11] , SB [12] , and LR [15] , cannot handle this problem effectively. According to the statistical parameter estimation theory [25] , we can use the maximum likelihood (ML) method to solve this problem. However, a multidimensional search is needed, leading to extremely high computationsal complexity. To estimate DOAs in the presence of the unknown Doppler shifts with low computational complexity, we first transform the mth element received signal x m (n) into the digital frequency domain via discrete-time Fourier transform (DTFT) as follows,
involves f Dq and cannot be separated linearly. Since f Dq is often much smaller than the frequency resolution 1/N, we can approximatẽ s q (ω − 2π f Dq ) with the Pth order Taylor series expansion around ω as follows, 2
q (ω) and ! denote the pth order derivative ofs q (ω) and the factorial operation, respectively. (See Appendix A for the calculation ofs
Obviously, Eq. (3) can be expressed approximately as
For numerical realization, we discretize ω in the manner of DFT, i.e.,
Without causing confusion and for simplicity,
With Eqs. (2) and (5), we can express x(n) in the frequency domain with the Pth order Taylor series expansion as
Eq. (6) can be written in a matrix form compactly as follows,X = H(θ , γ )FS +W
Sinces ( p) (k) is known, we can design an oblique projector E p to separate the components corresponding to the pth order derivative of the expansion. According to [26] , E p can be designed as
We can use the knownS p to calculate the following,
Repeat the process of Eq. (9)-(10) (P + 1) times, we can obtainB 0 ,B 1 , · · · ,B P .
Therefore, the DOAs and Doppler shifts can be estimated asθ 
Then, the estimations of complex amplitude γ q (q = 1, 2, · · · , Q) can be calculated as follows,
B. Computational Complexity Analysis
In this subsection, we analyse the computational complexity of the proposed method compared with the DEML method [11] in terms of the number of complex-valued multiplications.
For the proposed method, it consists of (i) DFT using (6): O{M Nlog 2 N}, (ii) oblique projector construction via (8):
and B p estimation with (9)- (10):
(iv) DOA, complex amplitude, and Doppler shift estimation using (11)- (13): O{2P QM + QM}.
Then, with N M > Q and P being small for conventional applications (see Section IV for details), the overall computational complexity of the proposed method can be approximately expressed as O{M Nlog 2 N + (P + 1)N 3 + (P + 1)(P + 2)Q N 2 + (P + 1)QM N}.
Similarly, for the DEML method, it includes (i)B andQ estimation using (17)-(18) in [11] :
(ii) DOA and complex amplitude estimation using [11, eqs.(24) and (25) 
According to the above analysis, the proposed method has a larger computational complexity than the DEML method owing to the oblique projector construction step.
Remark 1: N θ and N are usually the same in terms of magnitude, since some simple search strategy such as in [27] , can be applied to reduce the number of searches.
IV. SIMULATION RESULTS
In this section, the performance of the proposed method is investigated in comparison with that of DEML [11] , and the Cramer-Rao bound (CRB) for known waveforms (see Appendix B for the derivation) and unknown waveforms [25] The optimum values of P are shown in Table I . It can be seen that the smaller the value of f D and N, the smaller the optimum P. The reason may be that with a larger P, the power of (−2π) P P! F P Ds ( P) (k) becomes smaller, which may be lower than that of noise, leading to a larger P used for the proposed method, and therefore a larger error occurs. Besides, if the optimum P = 0, the Doppler shifts cannot be estimated. To avoid this problem, we can set P = 1 to balance the performance of DOA and Doppler shift estimation.
Example 2: In this example, the performance of the proposed method with respect to SNR is investigated. The DOAs, complex amplitudes and Doppler shifts of two sources are set to 10 • , 12 • , e j 0.3π , e − j 0.4π , 10 −3 and 10 −3 , respectively. With M = 4, N = 500, and P = 1, the input SNR varies from −15 dB to 30 dB with an interval of 5 dB. The root mean square error (RMSE) results are shown in Fig. 2 .
Example 3: In this example, we examine the performance of the proposed method against the number of snapshots. The settings are the same as Example 2 except that SNR = 10 dB and N ranges from 100 to 1000 with an interval of 100. The estimation results are provided in Fig. 3 .
For DOA estimation, as shown in Fig. 2a and 3a , the proposed method can work for values of N from 100 to 1000 effectively, while the DEML method can only work for N ≤ 800 under the simulation conditions here, which shows that the proposed method is more robust to Doppler shifts for DOA estimation. Furthermore, the DOA estimation performance of the DEML method becomes worse as N increases, which is completely in contrast to the performance of conventional DOA estimation methods for sources with unknown waveforms. The reason is that for a fixed f D , with the increase of N, the difference between true waveforms and known waveforms becomes larger, which results in worse DOA estimation performance. Besides, the DOA estimation RMSEs of the proposed method are always lower than the CRB with unknown waveforms, which proves the superiority of proposed method in comparison with conventional joint DOA, complex amplitude and Doppler shift estimation methods without prior information of the signal waveform.
In terms of complex amplitude estimation, from Fig. 2b  and 3b , we can see that the proposed method and the DEML method have a similar estimation performance. Especially, for the proposed method, when N is small, such as N ≤ 500, it outperforms the DEML method. That is to say, the proposed method has a robust complex amplitude estimation performance against Doppler shifts. In addition, compared with the CRB for unknown waveforms, the proposed method has a better performance for lower SNR and a smaller number of snapshots. When the SNR and the number of snapshots increase, the error resulting from the finite order Taylor series expansion approximation dominates, which degrades the estimation performance. helpful for velocity measurement and is a great advantage of the proposed method. Moreover, due to the same reason, the estimation performance for Doppler shifts using the proposed method still has a similar problem as that of complex amplitude estimation in comparison with the CRB of sources with unknown waveforms.
V. CONCLUSIONS
A robust DOA estimation method for sources with known waveforms in the presence of unknown Doppler shifts has been introduced. It first transforms the nonlinear model including Doppler shifts into an approximately linear one using DTFT and Taylor series expansion; then, with the known waveforms and their derivatives, components corresponding to derivatives of different order are separated via a series of oblique projectors; finally, DOAs, complex amplitudes and Doppler shifts of the impinging signals are estimated simultaneously. As demonstrated by simulation results, the proposed method has a robust DOA estimation performance against Doppler shifts in comparison with algorithms available for known waveforms which do not take the Doppler effect into consideration. However, further research is needed in the future regarding its performance in Doppler shift estimation.
APPENDIX A CALCULATION OF THE pTH ORDER DERIVATIVE OFs q (ω)
For p = 1, we havẽ
With Eq. (14), for p = 2, it can be derived that s (2) q (ω) = ∂ 2 ∂ω 2s q (ω) = ∂ ∂ωs (1) q (ω)
Hence, we can conclude that for any integer p,
It is noticed that for p = 0,s
q (ω) is the DTFT of s q (n).
APPENDIX B DERIVATION OF THE CRAMER-RAO BOUND
To obtain the CRB, we collect all real-valued unknown variables of the model in Eq. (2) into a vector as
For simplicity, A(θ ) and (γ ) are denoted as A and . Besides, s(n) = s D (f D , n) • s(n), and x 0 (n) = A s(n). According to [25] , when the noise is white guassian, the Fisher information matrix can be calculated with the gradient of x 0 (n) with respect to μ,
where 
